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ARTICLE INFO ABSTRACT

Keywords: This paper presents a rigorous analytical solution to the dynamics of a single-degree-of-freedom
Piezoelectric energy harvesting (SDOF) piezoelectric energy harvester (PEH) under the combined wind and base excitations using
Galloping

the harmonic balance method. The boundaries of the quenching region are predicted using the
multi-scale method. An equivalent circuit model (ECM) is established to verify the analytical
Harmonic balance method solution, and the simulation results based on the ECM are in good agreement with the analytical
Multi-scale method ones. Subsequently, the power limit of the SDOF PEH under the combined excitations is analysed
Equivalent circuit model for the first time using the impedance theory based on a simplified model. The maximum power
amplitudes at different excitation frequencies are also sought by numerically sweeping the load
resistance. It is found that the impedance theory that has been successfully adopted in the
literature is inapplicable in analysing the power limit of the SDOF PEH under the combined
excitations. The impedance plots obtained based on resistance sweeping clearly indicate that, in
contrast to the conclusions given in the literature, impedance matching is not the condition to
attain the power limit of the SDOF PEH under the combined excitations. A mathematical proof is
provided for a reasonable explanation. Finally, it is demonstrated that numerical simulations
based on the original model can verify the power limit calculated based on the simplified model.

Power limit
Impedance matching

1. Introduction

In the past two decades, researchers have devoted enormous efforts to developing various vibration energy harvesters and the
associated fundamental theories [1-6]. Due to the ubiquity of vibrations, vibration energy harvesting technology is deemed as a vital
solution to enable low-power consumption Internet-of-Things (IoTs) devices to be self-sustained. Since the ambient vibration intensity
is often small, most vibration energy harvesters are designed to operate near the resonance mode to achieve a considerable power
output. However, the ambient vibration energy mostly spreads over a broad spectrum and features uncertainties [7,8]. Once the
external excitation frequency even slightly deviates from the resonant frequency of an energy harvester, its performance could be
drastically deteriorated. Wind induced by atmospheric motion is also one of the most ubiquitous nature sources on Earth. Based on
flow-induced vibration phenomena, researchers have proposed various wind energy harvesting techniques. According to the physical
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mechanisms behind flow-induced vibration phenomena, wind energy harvesters can be classified into vortex-induced vibration (VIV)
[9,10], galloping [11-13], and flutter [14,15] energy harvesters. Galloping energy harvesters usually have low cut-in wind speeds and
can operate over a wide range of wind speed. Therefore, galloping energy harvesting has received lots of research interest. Provided
that the wind speed is sufficiently large, a properly designed galloping energy harvester is able to produce a considerable power output.
As compared to vibration energy harvesters, galloping energy harvesting is exempted from the frequency dependency. From this
perspective, galloping energy harvesting appears to be more promising.

In fact, there could be no significant difference between the design of an ordinary vibration energy harvester and a galloping energy
harvester. By appropriately attaching a bluff body onto an ordinary vibration energy harvester, one can use it for galloping energy
harvesting [16]. Similar to the development history of vibration energy harvesters, the design of galloping energy harvesters has
evolved from linear [16-18] to nonlinear [19-22], and from single-degree-of-freedom (SDOF) [23] to multiple-degree-of-freedom
(MDOF) [11,12,24,25]. Moreover, given the co-existence of winds and ambient vibrations in numerous scenarios, concurrent en-
ergy harvesting from the winds and base excitations has been proposed and investigated by researchers. Bibo et al. [26] studied a
flutter energy harvester under the combined excitations of a base vibration and a wind load. They derived an approximate solution of
the voltage response from the flutter energy harvester using the method of normal forms. They also conducted an experimental study
for validation [27]. Dai et al. [28] considered a VIV-based piezoelectric energy harvester (PEH) under a base excitation and presented
related simulation and experimental studies. However, analytical solutions to the VIV-based PEH under a base excitation were not
provided. Through simulations and experiments, Yan et al. [29] and Bibo et al. [30] explored the dynamics of PEHs under the combined
excitations of galloping and base vibration. Zhao et al. [21] introduced mechanical stoppers and magnetic bistable nonlinearity into a
galloping energy harvester under base excitation. The experimental and simulation results indicated that the proposed concurrent
energy harvester demonstrated a broadband ability. Analytical solutions to the mechanical and electrical responses of galloping PEHs
could be found in the work by Yan et al. [31]. Zhao [32] further derived the analytical solution for an impact-engaged galloping PEH
under a base excitation using the averaging method. The decoupling treatment adopted in [31,32] greatly simplified the mathematical
problem. However, there lacks a solid proof behind that simplification. Therefore, one of the motivations of this work is to derive a
more rigorous solution to the dynamic response of a galloping PEH under base excitation.

The aforementioned studies focused on analysing the mechanical dynamics of PEHs under the combined excitations of wind and
base vibration. It is well-known that the circuit part also plays a significant role in affecting the performance of a PEH [33-38]. In the
field of wind energy harvesting, Abdelmoula et al. [39] investigated the effect of electrical impedance on the performance of a
galloping PEH. Zhao et al. [40] presented the analytical solutions to a galloping PEH shunted to the interface circuits, including
synchronized switching harvesting on inductor (SSHI) and synchronized charge extraction (SCE). A later study was also conducted by
Zhao et al. to compare the performance of four interface circuits for galloping energy harvesting [41]. In recent years, Liao et al. [42]
proposed a concept of power limit to evaluate the overall performance of a PEH under base excitation. The power limit refers to the
maximum power that can ever be attained from a given PEH. Liao et al. [43] then extended the study to investigate the power limit of a
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Fig. 1. (a) Schematic of a PEH under combined excitations of base vibration and aerodynamic force; (b) the corresponding SDOF model.
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PEH shunted to an SSHI interface circuit. In more recent, Lan et al. [44] derived the power limit of a PEH with nonlinear stiffness.
However, all the above studies are limited to the analyses of PEHs under base excitations. Studies on the power limit of a PEH under the
combined wind and base excitations have yet been reported in the literature. Therefore, the other motivation of this paper is to present
a first attempt to answer the question: what is the power limit of a PEH under the combined galloping and base excitations?

The rest of the paper is organized as follows. Section 2 overviews the SDOF PEH system to be investigated and gives the governing
equations. In Section 3, an analytical solution to the dynamic response of the SDOF PEH under the combined excitations is derived.
Section 4 presents a numerical verification of the derived analytical solution, along with a parametric study to reveal the effects of
critical parameters on the energy harvesting performance of the SDOF PEH. The power limit of the SDOF PEH under the combined
excitations is analysed in Section 5. The corresponding results and discussions are presented in Section 6. Finally, the concluding
remarks are summarized in Section 7.

2. System overview and governing equations

Figure 1(a) shows the schematic of a PEH under combined excitations of base vibration and aerodynamic force. Without loss of
generality, we can develop a lumped parameter model to describe the dynamics of the PEH. Since the response of the PEH around the
fundamental resonance is of interest in this study, it can be simplified as an SDOF system as shown in Fig. 1(b). The detailed procedures
for deriving the lumped parameters of the SDOF PEH can be referred to [25]. The widely adopted SDOF modelling technique is directly
employed hereinafter. The governing equations of the PEH can be written as:

(1)

C,v(t) t = Ox(r) — (1)) 2)

mu(t) -+ en (1) — 2(1) )+ (x(8) — 2(2) ) +Ov(1) = %pLUzd @

where my, ki, and c; are the mass, spring stiffness, and damping coefficient of the oscillator, respectively. 6 is the electromechanical
coupling coefficient of the attached piezoelectric transducer shunted with a resistor R. The clamped capacitance of the piezoelectric
transducer is C,. x(t) and 2(t) are the displacements of the oscillator and the base, respectively. The wind of speed U applies an
aerodynamic force Fyy on the oscillator. p is the mass density of the air. s; and s3 are the empirical linear and cubic coefficients of the
transverse galloping force. The characteristic area of the bluff body normal to the wind flow is L x d.

3. Analytical solution
This section presents the analytical solution to the dynamic responses of the SDOF PEH under the combined excitations.
3.1. Harmonic balance method

The harmonic balance method (HBM) is first adopted to seek the analytical solutions to the dynamic responses. The base
displacement is assumed in the harmonic form as:

Z(l) = ZbSiﬂ(O)bZ) (3)

where Z, is the displacement amplitude, and wj, is the angular frequency. As the SDOF PEH is under the combined excitations of the
base vibration and aerodynamic force, the displacement response of the SDOF PEH is assumed to contain two components.

x() = x(t) + x, (1) “4)

where x,(t) and x,(t) are the base excitation induced and the aerodynamic force induced response components, respectively. The
subscripts b and g stand for base and galloping, respectively. To be specific, they are expressed as:

{ xp(t) = ai(t)sin(wyt) + by (t)cos(wyt)

xg(t) = g1 (t)sin(wyt) + hy (t)cos(w,t) ®

Note that the self-excited response, i.e., x,(t), due to the galloping effect is also harmonic. From Eq. (2), it is learned that the voltage
response is closely related to the displacement response. Thus, the voltage response is assumed in a similar form as:
V(1) = vp(1) + v, (1) 6)

where the base excitation induced and the aerodynamic force induced components of the voltage response are concretely expressed as:

7)

{ vy (1) = v (t)sin(wpt) + va(r)cos(wpt)
ve(t) = v3(t)sin(wgt) + va(f)cos(wy)

Note from Eq. (2) that the displacement response x(t) and the voltage response v(t) are linearly coupled, thus we can derive the
explicit relationship between x(t) and v(t), then represent v(t) by x(t). Substituting Egs. (4) and into Eq. (6), then balancing the
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harmonic components, we obtain the following four equations:

t
—Cona(t)wy + V‘TE) +0b, ()@, = 0
val (t)a)b + VZRQ — Oa, (t)a)b +0Zyw, =0
®
t
—Cyws(t)w, + C]Ig ) +60h(t)w, =0
ot
G0, + 2~ g, (9, =0
Solving Eq. (8), one can represent v1(t) ~ v4(t) by a1(t) ~ hy(t):
() = ROw, (Cyai(t)Rw, — C,RZyw;, — by (t) )
T CRo,+1
ROw;, (C, by ()Rwy + a, (1) — Z;)
va(t) = C R’
R0, + 1 ©
_ Rbaw, (Crg1 ()R, — (1))
(1) = CRw
SRo, +1
_ Row, (Cphl (t)Rw, + g1 (1) )
va(r) = CRw
SRo, +1

Substituting Eq. (9) into Eq. (6) and using the relationship in Eq. (5), one can express the voltage response v(t) by x,(t) and x,(t) as

Kel Ka] Ke2 Ce] . Cel . CeZ .
t) = ) — t 1) — 1) — t 10
v(?) ] x5 (1) ] (1) + 7 X ( )+9wbxb( ) 0wa1’( ) ngXg( ) 10
where

K= R*0w,C, . RGwC,

C T CRwy+1 Y CRw+1
RO*w, RO w, v

Cel e2

= 2p2 2 = 2p2 2
CRw,+1 CRw,+1

Substituting Eq. (10) into Eq. (1) eliminates the unknown variable v(t). After eliminating v(t), we substitute Eq. (5) into Eq. (1), then
neglect the higher-order harmonics and balance the first-order harmonic terms. Four equations are obtained as follows:

(—miw, + Ko +ki)ay + (— crwp — Coy )by — K Zy — k1 Z,

1 (12)
=25 (3Lrdpss 0} + 6Lridpsso,} — 4UpLds @, ) b
(cla)b + Cel)al -+ ( — mlwi + Kel + kl)bl — (UbCIZb — CQIZI,
1 2 3 2 2 (13)
= 3U ( —3Lridpssw;, — 6Lr§dps3a)hwg +4UpLds, a)b>a1
( - mlwﬁ + Koo + k1>g1 + ( —CWg — eg)]’ll
1 14
- (6erdps3 W0, + 3LRdps; 0} — 4LUdps, a)g)hl
(crog + Co) g1 + ( - mlﬂ)f, + K2 +k1)h1
1 (15)
=30 ( — 6Lridps; w0, — 3Lr3dps; wz + 4LU2dpslwg>g]
where
2 — 2 bZ
r,2 a; + ; (16)
r,=gi+nh

It is worth noting that the time derivatives of the variables are forced to be zero to adapt to the steady-state assumption. The time
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dependency is omitted at steady state, e.g., a;(t) — a;. Multiplying Eq. (14) by g1(t), and Eq. (15) by h;(t), then adding up the two
equations yields

—mw;+Ko+k =0 17)

Solving Eq. (17) gives the solution of w,. On the other hand, by rearranging Eqgs. (12)~ (15) and using Eq. (16) to simplify them, we
obtain the following two equations:
—1024 2 U* a3 p*siw;; + 4096 Ls) w, dpr (c; @y, + Coy ) UP
+(1536L%s s30,d”pr} + 4096 (wict + 2C. wpcy + C2 + (Ko + k1)? ) Z; ) U?
—4096w;m? — 8192C,  w,c; — 4096 C2 — 4096 (K,; + k;)*

r2U2
+ (3072251 s303d%p* — 4096} + 8192m, (Ko + ki) ) | 18)
2.2
1

w;r )LS}CU[, (C] yp + CEI)dV%U

—6144p <r§a)§ +
o 20 @ \ay20 20
—2304p° nw, + 5 L s;w,d"r; =0

(mfw; + (= 2Kami + & — 2kim) @ + 20, Cow, + K + 2Kk + C + K )rg

1
917 (ersga)i + r§s3a)§ —4/3 Uzsl)2d2r§pza)§ (19

64U*

Egs. (18) and (19) only contain two unknown variables. Simultaneously solving them gives the solutions to r; and rp. Substituting
the solved r; and ry back into Egs. (12) and (13), one obtains the corresponding a; and b;. Finally, the voltage amplitudes of the base
excitation induced and aerodynamic force induced components can be calculated as:

KE
V, = cl (P —2a,2, + 22
P
(20)
KEZ
Ve=n F,,
In addition, the root-mean-square (RMS) voltage amplitude can be calculated as:
Vi+ V2
Vius = || =5 (21)

3.2. Multi-scale method

In addition to the harmonic balance method, the multi-scale method is also employed to provide insights into the dynamic
characteristics of the SDOF PEH under the combined excitations. First, we define the fast and slow timescales Ty = t and T; = &t, where
¢ is a booking parameter. The governing equation (i.e., Eq. (1)) of the SDOF PEH is written as:

myE(t) + eci (8(1) — 2(t)) + oimy (x(t) — 2(2) ) + €0v(?)
T, X() (1) \ 5 (22)
= EepU Ld<S1U — 53 (7> )

where w7 = \/k1/m;. According to the multi-scale method, the solutions are sought in the perturbed form as:

X(l) :Xo(T07T1)+€X1(T0,T1) (23)

V(l) = V()(TU,TI)+8V1(TO7T1) (24)

The time derivatives are thus changed to

% = Do + 8D1 + 0(82)
dz
e D} +2eDyD; + o(€°)

(25)
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where Do = 0/0To and D; = 9/dT;. Substituting Eqs. (23) and (24) into Eqgs. (22) and (2), equating the coefficients of £ on both sides of
the equations gives:

D(],() (xo(Tm T]) ) + CU?XO(T()-, Tl) = COS(QT())ZMU% (26)
CPD] (V()(T(), Tl) )R — Dl ()CQ(T()7 T1> )RG + V()(To, Tl) = Sll’l(QTo)QRZ;,H (27)

where Dgy = 9%/ 0T2. Similarly, equating the coefficients of ¢! on both sides of the equations gives:

wtmyx) (T, Ty) + 2myDo 1 (xo(To, Ty) ) + my Doo(x1(To, T1) ) + Do(x0(To, Th) )ei

1 ) (28)

+0vy(To, T)) = —ﬁpLdDo(xo(Tm T1)) ((Do(xo(To, T1) ) )2s3 — UPsy ) — sin(QT)QZyc,
C,RD, (vo(To, T1) ) + C,RDy(vi(Ty, T1) ) — ORD (x0(To, T1) ) (29)

—ORDy(x,(To, Th) ) +vi(To, T1) =0
where Dy; = ¢? /0To0T1. Eqgs. (26) and (27) are first order linear differential equations, and the solutions can be easily obtained as:
x0(To, Ty) = A, (Ty)e 1™ —l—AfeiQ oy ce
(To.T) —iw,ORA,(T))e”'™  iQORZ,e® ™ iQORA;e® T N (30)
V s = — — cc
oo 1 + i, RC, 1+iQRC,  1+IiQRC,
where Ay = % and cc denotes the conjugate of the preceding terms. It is worth noting that the term A; (T; )e* " corresponds to
1

the aerodynamic force induced response, and Age® T represents the base excitation induced response. Substituting Eq. (30) into Eq.
(28), then eliminating the secular term yields:

d .
ﬁAl(Tl) :A]<T1)(r12+lr3 —F4(|A|(T|)‘)2) (31)
1
_ w?C2(LUdps; —2¢1)R?+2R0°+LUdps, —2¢1 —2iC,R*6% - 3LQ%dpss - 9 - iC, R20%, - 3Ldpssw?
where I'; = -2 AR T)m, Do = =505 Te =T —TRAf, Ty = —z(c’;;zuw’ and [y = — =77t
Assuming the solution to Eq. (31) is in the form as:
AI(TI) = Lll(Tl)eigl(T‘) (32)

To simplify the calculation, the electromechanical coupling effect is assumed to ignorable. Thus, we intentionally letC, = 0,R =
0, and @ = 0. Subsequently, substituting Eq. (32) into Eq. (31), then separating the real and imaginary components yields:

d;;,]al(Tl) = ( — (ai(Ty) )2F4 + T )al(Tl)
d (33)
761(T1) =0

Based on the first equation of Eq. (33), one can derive the solution to a;(T;).

/ Iy
ai(Th) = Alpe? 14T, (34

where A is a constant of integration that is determined by the initial condition. It is noted that if I';, > 0, the denominator in the
square root eventually approaches I'y, and a; (T;) approaches /I'12/T's. However, if I';; < 0, this denominator eventually approaches
infinity, thus a, (T ) approaches 0. Therefore, the solution to I'1; = 0 offers a clue for predicting the existence of the aerodynamic force
induced component.
6Ldps;w} )
IN'n= 5+—5——=-—LUdps; +2Uc; =0 35
12 QZ(—2QZ+2w%)2 P51 1 (35)
a;(T1) = 0 indicates that galloping disappears, which is the so-called quenching phenomenon [31]. Under the combined excita-
tions, the quenching phenomenon occurs when the base excitation frequency approaches the resonant frequency of the PEH and the
galloping is suppressed by the base excitation. Therefore, the solution to Eq. (35) predicts the boundaries of the quenching region.

4. Numerical verification and parametric study
In this section, an equivalent circuit model (ECM) is established to verify the above theoretical solutions. In fact, one can cast the

governing equations into the state-space form, then use numerical methods such as the Runge-Kutta method, to obtain the numerical
results. The equivalent circuit model is introduced not only for numerical verification, but also to familiarize the readers with the
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equivalent circuit representation methodology, as it will be also adopted as a powerful tool to carry out the power limit analysis in the
next section.

Figure 2 shows the ECM of SDOF PEH under the combined excitations. ECM is established based on the electrical-mechanical
analogies. In brief, the force and velocity in the mechanical domain correspond to the voltage and current in the electrical domain. The
mechanical elements, such as the mass, stiffness and damper, are equivalent to the inductor, capacitor and resistor, respectively. A
nonlinear transfer function is used to represent the aerodynamic force. More detailed procedures for developing an ECM of a piezo-
electric energy harvester can be referred to [9,12,45].

Figure 3(a) compares the analytical and numerical results of the RMS voltage amplitudes of the SDOF PEH under the combined
excitations. The system parameters are listed in Table 1. The base excitation is controlled at a constant acceleration level of 1 m/s?.
From Fig. 3(a), it can be seen that the analytical solutions derived in this study are in good agreement with the numerical results. The
RMS voltage amplitude reaches the maximum near the resonant frequency of the SDOF PEH. Unlike the classic forced vibration of an
SDOF PEH, after deviating from the resonant frequency, the RMS voltage amplitude first decreases, then ‘abnormally’ increases.
Moreover, the RMS voltage amplitudes at the off-resonant frequencies are still considerably high. The voltage amplitudes of the base
excitation induced and galloping induced components (Vj and V) presented in Fig. 3(b) provide the explanation for this phenomenon.
It is observed that the voltage amplitude of the base excitation induced component, i.e., Vj, is just similar to a typical forced vibration
frequency response. However, in addition to the base excitation induced voltage response, there also appears a galloping induced
component due to the aerodynamic excitation. The galloping induced voltage response disappears near the resonant frequency of the
SDOF PEH, while becomes significantly large when the SDOF PEH falls into an off-resonance state. It is thus revealed that the
considerable voltage output from the SDOF PEH at the off-resonant frequencies is mainly originated from the galloping induced
component, i.e., V,. The grey-coloured area shown in Fig. 3(b) is the quenching region predicted by the multi-scale method (i.e., Eq.
(35)). It represents the frequency range where the galloping induced component is suppressed by the base excitation. It can be found
that the theoretical prediction matches well with the numerical result.

As mentioned in the introduction that Yan et al. [31] adopted a decoupling treatment for simplification and derived the analytical
solutions to the same problem. Within the quenching region, where the galloping effect is suppressed, i.e., the galloping-induced
component becomes zero, the decoupling treatment is coincidently valid. However, when the excitation frequency shifts away
from the resonant frequency, and the quenching phenomenon disappears, a significant discrepancy may occur due to the decoupling
treatment. To compare the methods developed in this study and [31], the analytical solutions derived using the method proposed in
Yan et al. [31] are provided in Fig. 3. One can note in Fig. 3(a) that near the resonant frequency, the analytical solutions derived using
the method proposed in Yan et al. [31] also match well with the numerical results. However, there exists unneglectable discrepancy at
the off-resonance frequencies. In Fig. 3(b), it can be clearly found that Vj, predicted by both methods almost overlap with each other
well. The discrepancy originates from the difference between their predictions about V. Considering the analytical solutions derived in
this study are in good agreement with the numerical results, the analytical solutions derived using the method proposed in Yan et al.
[31] overestimate V, before the resonant peak and underestimate V; after the resonant peak. The comparison results basically agree
with the verification results presented in Yan et al. [31].

To provide more insights into the dynamic characteristics of the SDOF PEH, the time-domain responses at three typical frequencies
(marked in Fig. 3(b) as Cases A, B, and C) are examined. For Case A, the base excitation frequency is set to be f/f; = 0.85. According to
the theoretical prediction, the voltage amplitudes of the base excitation induced and galloping induced components are, respectively,
Vp = 7.07 V and V; = 33.21 V. Fig. 4(a) shows the time-history voltage response of the SDOF PEH obtained from the numerical
simulation. Fig. 4(b) shows an enlarged view of the steady-state voltage response. It is directly observed that the response resembles a
modulated signal which contains more than one frequency component. Fig. 4(c) presents the fast Fourier transform (FFT) amplitude of
the steady-state voltage response in Fig. 4(b). The FFT result clearly indicates that the voltage response contains two frequency
components. The amplitudes of the two components are 7.067 V and 32.57 V, which agree well with the theoretical prediction.
Moreover, the corresponding frequencies of the two components are 3.06 Hz and 3.606 Hz, respectively. By a simple calculation, one
can find that 3.606 Hz ~ fi = \/k1/m1/2x, and 3.06 Hz =~ 0.85f;.

For Case B, the base excitation frequency is tuned to the resonant frequency of the SDOF PEH, i.e., f/fi = 1. The theoretical analysis
predicts that the galloping induced voltage response is supposed to disappear (V; = 0 V), and the base excitation induced voltage
amplitude, i.e., Vj, is about 66.65 V. Fig. 5 shows the simulated time-history voltage response, the steady-state voltage response, and
the corresponding FFT amplitude of the SDOF PEH. It can be easily identified from the numerical results that the voltage response is

Mechanical oscillator 5
Aerodynamic force

i | e generator Vp
‘L 1 R1 L[
+ V1 £ o
Q) E g kI
©o ©° 7 Load
Base excitation — S e resistor
generator <
transducer

Fig. 2. Equivalent circuit model of SDOF PEH under combined excitations.
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Fig. 3. (a) Comparison of harmonic balance method (HBM) predicted results and numerical results of RMS voltage amplitude; (b) HBM predicted
voltage amplitudes of base excitation induced and galloping induced components. The grey-coloured area is the quenching region, i.e., the fre-
quency range within which V, = 0, predicted by the multi-scale method (MSM) (i.e., Eq. (35)).

Table 1
System parameters of SDOF PEH under investigation.

Electro-Mechanical parameters

Effective mass m1 (g) 113.4 Electromechanical coupling 6 (uN/V) 190
Effective stiffness k; (N/m) 58.02 Capacitance C, (nF) 187
Damping ratio {; 0.003 Load resistance R () 10'?
Aerodynamic parameters

Air Density, p (kg/ms) 1.24 Bluff body height, L (m) 0.1
Cross flow dimension, Dg (m) 0.05 Linear aerodynamic coefficient, s; 2.5
Cubic aerodynamic coefficient, s3 130 Wind speed U (m/s) 6

harmonic, and the FFT spectrum plot is clean with only a single sharp peak. The frequency and the amplitude of the sole component are
3.6 Hz = f; and 65.7 V, respectively. The numerical results agree with the theoretical predictions well.

In the last Case C, the base excitation frequency is further increased to be larger than the resonant frequency of the SDOF PEH, i.e.,
f/f =1.15. It is predicted by the theoretical analysis that the base excitation drives the SDOF PEH to vibrate, and the voltage amplitude
produced due to the base excitation is about 6.217 V. In addition, the aerodynamic force activates the galloping oscillation of the SDOF
PEH to produce a voltage output of 34.4 V. Fig. 6 presents the corresponding time-history response and FFT spectrum obtained from
the numerical simulation. The numerical results confirm the appearance of the galloping induced voltage component. Moreover, the
amplitudes of both components identified from the numerical results are V, = 6.187 V and V; = 33.27 V. Again, a good agreement is
noted as compared to the theoretical prediction.

The verified analytical solution provides a computationally much faster means for system performance prediction as compared to
the numerical simulation. Therefore, a parametric study is then performed based on the analytical solution to investigate the effects of
system parameters on the dynamics and energy harvesting performance of the SDOF PEH. Fig. 7(a) and (b) reveal the voltage
amplitude profile for varying wind speed and base excitation frequency. The other parameters are kept the same as listed in Table 1. It
can be noted in Fig. 7(a) that in general, the RMS voltage increases with the wind speed. Moreover, the RMS voltage produced by the
SDOF PEH at the off-resonant frequencies becomes comparably large with the increase of wind speed. From Fig. 7(b), we can clearly
compare and distinguish the contributions from the base excitation induced and galloping induced components. It is noted that when
the wind speed is low, the galloping induced component disappears, i.e., the galloping phenomenon is inactivated. With the increase of
the wind speed, the galloping phenomenon is activated and becomes more evident, leading to an increased V;. Moreover, it is noted
that increasing the wind speed does not only improve the galloping induced voltage amplitude V,, but also results in an increase in the
base excitation induced voltage amplitude Vj, especially around the resonant frequency of the SDOF PEH, i.e., f/f1 = 1. This is because
the aerodynamic force brings a negative damping effect on the SDOF PEH. With the increase of the wind speed, the total effective
damping coefficient of the SDOF PEH becomes smaller, thus the base excitation induced response (e.g., displacement and voltage)
becomes larger.

Figure 7(c) and (d) display the voltage amplitudes of the SDOF PEH versus the non-dimensional electromechanical coupling
strength, i.e., @ = 6/(190 uN/V), and the base excitation frequency. Putting aside the effect of the base excitation frequency, which has
been discussed above, it is noted in Fig. 7(c) that the resonant peak is bent toward higher frequency with the increase of the wind
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Fig. 4. (a) Time-history voltage response of SDOF PEH under base excitation with frequency of f/f; = 0.85; (b) enlarged view of steady-state voltage
response over the time period from 150 s to 154 s; (c) fast Fourier transform (FFT) amplitude of steady-state voltage response.

)

6

speed. Fig. 7(d) further shows that both the base excitation induced and galloping induced voltage response components exhibit a
similar bending phenomenon. This phenomenon is easily understandable by referring to the electromechanical coupling mechanism
that the electrical domain also affects the dynamics of the mechanical domain. With the increase of the electromechanical coupling
strength, the electrical domain brings a significant change in the total effective stiffness of the SDOF PEH, resulting in the shift of the
resonant peak. It is clear in Fig. 7(c) and (d) that a stronger electromechanical coupling is associated with a larger total effective
stiffness or a higher resonant frequency.

5. Power limit analysis

In the previous sections, analytical solutions to the SDOF PEH and the effects of various parameters on its energy harvesting
performance have been presented and investigated. This section aims to analyse the power limit of the SDOF PEH. As well-known and
has been partially revealed in Fig. 7(c), the energy output from a PEH increases with the electromechanical coupling strength.
However, once the electromechanical coupling strength reaches a certain high level, the power output saturates, i.e., it cannot be
further increased. The power saturation phenomenon indicates an overall maximum power that can be attained for a given PEH. The
overall maximum power that is attainable is termed the power limit. Obviously, a PEH with a higher power limit represents a better
design under given constraints of material and structural strength. Therefore, we can use the power limit as a figure of merit to evaluate
the design of a PEH. As mentioned in the introductory section, studies have been conducted to investigate the power limit of con-
ventional base-excited PEH [42,44]. Yet, related study to examine the power limit of a PEH under the combined excitations has not
been reported. The difficulties in the analysis of a PEH under the combined excitations have been briefly mentioned in the intro-
duction. The details of the challenge will be elaborated in this section.

The impedance method has been proven to be powerful in investigating the power limit of a PEH [42,44]. However, it is only
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Fig. 5. (a) Time-history voltage response of SDOF PEH under base excitation with frequency of f/f; = 1; (b) enlarged view of steady-state voltage
response over the time period from 150 s to 154 s; (c) fast Fourier transform (FFT) amplitude of steady-state voltage response.

applicable for linear systems. For a galloping PEH, the aerodynamic force in the governing equations brings nonlinearity. Therefore,
the following treatments are implemented to simplify the problem. The numerical examples at the end of this section will justify the
simplifications.

First, the governing equation is rewritten in the form as:

mi¥(t) + 1y (1) + kiy (1) + 0v(1)
RISV
ol

where y(t) is the relative displacement of the SDOF PEH to the base, i.e., y(t) = x(t)-z(t). In fact, the third-order term at the right hand

36
_! pLUd (36)

3 —mZz(1)

side of Eq. (36) should be (M > 3. The primary reason that we can intentionally omit %(t) is given as follows. Considering that the

power limit happens only near the resonance state of the SDOF PEH, the velocity of the SDOF PEH, i.e., y(t), at the resonance state is
much larger than 2(t). Thus, it is inferred that neglecting 2(t) will not result in a remarkable error but will significantly ease the
analysis.

Subsequently, the governing equations are recast in the following form:

10
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Fig. 6. (a) Time-history voltage response of SDOF PEH under base excitation with frequency of f/f; = 1; (b) enlarged view of the steady-state
voltage response over the time period from 150 s to 154 s; (c) fast Fourier transform (FFT) amplitude of steady-state voltage response.

';%'% — 0y(1)] +%[*t9y'(t)]+%/[79y(t)}dt+6v(t)
37
_ pLU*d s oy(1) s (%))‘ My 37)
20 |""u P\ u 0
C,v(1) +% = 0y(1) 38)

By comparing Egs. (37) and (38) with typical differential equations of electrical circuits, we find that they have exactly the same
mathematical form. Thus, we can establish an equivalent circuit model (ECM) that abides by the same governing equations. The
equivalent elements of the circuit model are:

_ my 02 _ C

Li=—, C=— R

mlA('('
T T kT

e T —0y(1) (39)
For the nonlinear aerodynamic force, using the harmonic balance method and neglecting the higher-order harmonics, we can

linearize it as:

pLU*d

7 ®*1* | 0y(t) (40)

Oy(1) (9&_(0 >3

1= 7 93 U

N {stLUd 3s3pLd
i ~ _

20* UG

where r is the amplitude of y(t). The detailed derivation and proof can be referred to [44]. Based on Eq., (40) we can represent the
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Fig. 7. (a) Analytical predictions of RMS voltage and (b) voltage amplitudes V}, & V, versus wind speed (U) and dimensionless excitation frequency
(f/f1); (c) analytical predictions of RMS voltage and (d) voltage amplitudes V}, & V, versus dimensionless electromechanical coupling coefficient (a)

and dimensionless excitation frequency (f/f1).

aerodynamic force term as a variable resistor in the equivalent circuit. The nonlinear resistor is frequency-dependent and amplitude-

dependent as follows

(

1

&

_S1pLUd 3s3pLd 2’2

R, =
2 8U

)

(41)

Figure 8 shows the schematic of the obtained ECM. Note the difference from the ECM presented in Fig. 2 that the aerodynamic force
term is linearized and represented by a variable resistor rather than a nonlinear transfer function.

r
1 L
|

B

()

Mechanical Domain

[ R

I
R: : Electrical Domain

GND

Fig. 8. Equivalent circuit representation of SDOF PEH under combined excitations.
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In Fig. 8, it is noted that the equivalent electrical elements of the mechanical domain can be deemed as the internal impedance of
the voltage source. The internal impedance can be written as:

1
Zpeeh = 0Ly + Ry + Ry +—— (42)
iwCy

The load resistor together Ry with the piezoelectric capacitance C, constitute the external load impedance.

[1Z. (43)

elec = m
where Z;, = R, + iX;. We temporarily assume the electrical load has an imaginary part X, i.e., reactance. According to the studies in
[42,44], the power limit can be attained when the external impedance matches the internal impedance. In other words, the external
impedance expressed in the complex number form must equal the complex conjugate of the internal impedance. As a result, the
reactance components cancel each other, and the power limit will only depend on the resistance component of the internal impedance.
The impedance matching theory requires:

Zotwe =7 (44

‘mech

where the asterisk subscript indicates taking the conjugate of the parameter. Substituting Egs. (42) and (43) into Eq. (44) yields the
optimal load that can satisfy the impedance matching condition.

(€1 — e + c3) 6

R, =
t (0 +Cy (ks —ma®) )2 + (c1 — ¢ + )@’ C;
45
X = (— ma® + kl) [92 +C, (k] - mlwz) } +(c1 —cm + Cn})zwch (45)
L=
o[+ (k = ma?) ) + (e = e + e V0’CE |
where ¢;; = s“’éUd, and c,3 = %wzrz. For the condition on Ry, in Eq. (45), we know it is easily achievable regardless of the elec-

tromechanical coupling strength, since we can always select a suitable resistor with the desired value. Whether the condition on X} can
be satisfied determines whether impedance matching can be realized. Recalling that the study presented in this paper is limited on the
SDOF PEH shunted to a resistive load, X; needs to be zero to attain the power limit. Once the system parameters are given, the problem
becomes: by only varying the excitation frequency w, can X;, be tuned to zero? To answer this question, we force the numerator of X, to
be zero.

(-ma® + k) [0+ Cp (ks —miw?) |+ (c1 — ewt + €3)*@*C, =0 (46)

By rearranging Eq. (46), one will notice that it is actually a quadratic equation of w> Since the nature of  requires it to be a real
positive number, the solution to Eq. (46) must be a real positive number as well. Using the Vieta’s formulas, we can easily obtain the
explicit expressions of the solutions to Eq. (46). A necessary condition to ensure that Eq. (46) has real solutions is found to be:

A= [(c1 — cm +€3)*Cp =m0 > —4kym  Cocy — ¢ + €3)° >0 (47)

Rearranging Eq. (47) yields:

@2>4g1<1—cﬂ+@> +4¢§<1—“—"+%>2 (48)

€1 €1 C1 C1

where @ = %il is a non-dimensional parameter that indicates the electromechanical coupling strength, and {; = 2\/Ckl_m' Eq. (48)
1

manifests that only when the coupling strength, i.e., ®?, is sufficiently large, the impedance matching condition becomes attainable.

Moreover, when Eq. (48) is valid, there should exist two solutions. When A = 0, i.e., the sign of GT (greater than) in Eq. (48) becomes

the sign of equality, there exists only a single solution. By convention, we refer to the situations of two solutions, a single solution and

no solution, respectively, as the strongly coupled, critically coupled and weakly coupled cases. Under the assumption of impedance
matching, the power limit can be obtained:

Pam Vo (mdeo)* (49)

4(R5 +Rn) 4<Cl 7%4,%@2 2)

su 0T

Unlike the linear PEH investigated in [42] and the nonlinear PEH studied in [44], the internal resistance, i.e., the denominator of
Eq. (49), of the SDOF PEH under the combined excitations is not a constant, but a frequency and amplitude-dependent variable. That is
to say, we still cannot ascertain the power limit based on the current form of Eq. (49). To obtain the power limit, the corresponding @
an r in Eq. (49) must be determined first. On one hand, turning back to the harmonic balance method derived solution in Section 3.1
will complicate the problem. On the other hand, the governing equations have actually been simplified at the most beginning of the
power limit analysis. Therefore, a simpler approach is proposed to seek the solution to the unknown variables w an r in Eq. (49).

13
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Applying the Laplace transform to Egs. (36) and (38), then eliminating the unknown parameter, one obtains an equation of r, as well as
.

Fy =7 [( —@*m +k +ke)2 + a’z(cl —Cm FtCi3 + Ce)z] - (mlACC)z =0 (50)

C,(0R w)? o R 0% . . . . . .
1+P(cp—RLw)2’ andc, = T (GRia)? C‘L, Rea ) Ry needs to be replaced by the matched resistance in Eq. (45), which is in turn a function of @

and r. It is worth mentioning that Eq. (50) is only applicable around the resonance state of the SDOF PEH, since the prerequisite for
obtaining Eq. (50) is that the galloping induced component disappears. Recalling that the impedance matching condition requires X; to
be zero, another equation is then obtained:

wherek, =

F2 = (—mlwz +k1) [92 + Cp (k] — m]a)z)} + (C] — Cn1 +Cn3)2wch =0 (51)

Solving Egs. (50) and (51) gives the solution to @ and r. Substituting them back into Eq. (49) yields the power limit.
6. Results and discussions

For the given system parameters listed in Table 1, the power limit of the SDOF PEH is computed using the method developed in
Section 5. Due to the complexities of Egs. (50) and (51), a graphical approach is adopted to seek the solutions. Briefly speaking, we plot
the functions, i.e., F; and Fo, versus @ and r as shown in Fig. 9. They form two curved surfaces in the three-dimensional space. The zero-
plane (yellow) is also plotted. It is easy to know that the solutions must exist on the zero-plane. In addition, the solutions must be on the
intersection edge of the curved surface F; and the curved surface Fs. Fig. 9(a) shows the result when § = 190 uN/V. In Fig. 9(a), we find
no intersection of the two curved surfaces, which implies that there is no solution to Egs. (50) and (51). As predicted by the impedance
matching theory, when the electromechanical coupling strength is weak, the power limit cannot be attained. The result in Fig. 9(a)
tallies with the impedance matching theory.

Subsequently, 0 is then increased to 1900 pN/V. Fig. 9(b) shows the corresponding results. Two intersection points are observed in
Fig. 9(b), which indicate two solutions to Egs. (50) and (51). According to the theory in Section 5 and the conclusions in [42,44], the
existence of two solutions indicates that & = 1900 pN/V corresponds to a strong coupling case. By substituting the graphically
identified solutions into Eq. (49), the power limit of the SDOF PEH under combined excitations is estimated to be about 70.09 mW. We
also numerically compute the maximum power output from the SDOF PEH by sweeping the resistance for verification. The results are
presented in Fig. 10. It can be seen that when 6 is small, the maximum power amplitude is quite small. When 0 is increased to a certain
level, e.g., # = 5 x 190 uN/V which represents a nearly critically coupled case, the maximum power amplitude approaches a constant
value.

Further increasing 6 to 1900 uN/V cannot increase the power amplitude anymore. But it is noted that when 6 = 1900 pN/V, there
appear two peaks in the power spectrum. The appearance of dual-peaks in the power spectrum agrees with the double-solution case
shown in Fig. 9(b). The phenomena revealed by the numerical results seem to be able to capture the characteristics SDOF PEH on
power limit, conforming to the above power limit analysis. Unfortunately, the maximum power amplitude does not match the above
theory: the actual power limit identified from the numerical results is about 94.78 mW, which is much larger than the predicted power
limit (i.e., 70.09 mW) using the impedance matching theory.

To address the concern of any mathematical mistakes in the above theory, we employ it to investigate a classical linear PEH as an
additional verification. To be more specific, we let s; and s3 be zero to neglect the aerodynamic force effect. As the strong coupling case
is of the most interest, 0 is set to be 1900 pN/V. Fig. 11 presents the power spectrum and the impedance plot of the SDOF PEH without
the influence of the aerodynamic force. The power spectrum in Fig. 11(a) is obtained by numerically sweeping the resistance. The
power limit is evaluated using Eq. (49). Both results show that the power limit of the linear case is about 208.9 mW. It can be found that

R

0,07 - - A M- 0.02
z=()
0.01 4 nointersection 5 0.01 4
no solution
0+ 01
-0.01 -0.01
0.02 0.02

1.2 1.2

(b)

Fig. 9. F; and F, versus o and r (a) when 6 = 190 uN/V, (b) when 6 = 1900 pN/V.
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Fig. 11. (a) Power spectrum of the SDOF PEH without the influence of the aerodynamic force when 6 = 1900 pN/V; (b) the corresponding
impedance plot. The green circles and black crosses in the right-column graph, respectively, indicate the corresponding mechanical and electrical
impedances of the power limit cases marked with purple points in the left-column graph. Note that the black crosses overlap with the green circles.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

for the linear case, the impedance matching theory well predicts the power limit of the SDOF PEH. Fig. 11(b) shows the corresponding
impedance plot based on the numerical results. It is observed that when the power limit is achieved, the mechanical impedance
(internal impedance) matches the electrical impedance (external impedance). Thus, the results in Fig. 11(b) further confirm the
impedance matching theory. In addition, we can note that the impedance matching occurs at two places, which explains the dual-peaks
phenomenon in Fig. 11(a).

From the above studies, it is noted that the power limit derived based on the impedance matching theory is applicable for the linear
case but not the nonlinear case. We thus speculate that impedance matching may not be the essential condition for attaining the power
limit of the SDOF PEH under the combined excitations. To answer this question, the impedance plots of the SDOF PEH under the
combined excitations are examined. Fig. 12 shows the results of the SDOF PEH with different electromechanical coupling strengths.
Note that ‘Mechanical’ and ‘Electrical’ in the legend denote the mechanical (internal) and electrical (external) impedances, respec-
tively. Fig. 12(a) and (b) present the results of a weakly coupled case (i.e., # = 190 pN/V). The maximum power attained is only about
8.913 mW. By inspecting the impedance plot, it can be seen that there is no intersection of the mechanical and electrical impedance
curves. This agrees with the theory in Section 5 that when the electromechanical coupling strength is small (i.e., Eq. (48)), the
impedance matching condition can not be satisfied.

Figure 12(c) and (d) present the results of the case close to critical coupling strength (i.e., # = 5 x 190 uN/V). According to the
impedance matching theory, a critically coupled case should have a single solution. The results in Fig. 12(c) are obtained by
numerically sweeping the resistance. Since the sweeping rate cannot be infinitely small, the numerical results exhibit minor ripples
around the peak. For this reason, we pick several points with almost the same amplitudes on top of the peak in the power spectrum to
find their corresponding impedances. From Fig. 12(d), it is observed that the electrical and mechanical impedances have one inter-
section point. However, the power limit is not attained at this intersection point, i.e., the impedance matching condition. Instead, the
power limit is achieved when the mechanical and electrical impedance are, respectively, at the green circles and black crosses in the
impedance plot. The result in Fig. 12(d) preliminarily suggests that the power limit of the SDOF PEH under the combined excitations
does not follow the impedance matching theory.

The results for a strong coupling strength (i.e., # = 1900 pN/V) are presented in Fig. 12(e) and (f). As compared with the critically
coupled case, the maximum power attained is almost the same, around 94.78 mW. Fig. 12(f) is the counterpart of Fig. 11(b). It can be
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Fig. 12. Power spectrum of SDOF PEH under combined excitations for (a) & = 190 pN/V, (c) § = 5 x 190 uN/V, (e) 6 = 1900 uN/V; and corre-
sponding impedance plots for (b) & = 190 pN/V, (d) § =5 x 190 pN/V, (f) = 1900 uN/V. The green circles and black crosses in the right-column
graphs, respectively, indicate the corresponding mechanical and electrical impedances of the power limit cases marked with purple points in the left-
column graphs. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

found that for the linear case (Fig. 11(b)), the power limit is attained when the mechanical and electrical impedances match each
other. However, the results in Fig. 12(f) clearly indicate that it is not the case for the SDOF PEH under the combined excitations, where
the power limit is achieved when the mechanical and electrical impedance are, respectively, at the green circles and black crosses.
These results further confirm that the impedance matching theory becomes invalid for analysing the power limit of the SDOF PEH
under the combined excitations. The potential reason for the inapplicability of the impedance theory is provided below. In the linear
PEHs, the impedance theory is applicable, since the internal resistance (i.e., the damping coefficient in the mechanical domain) is
invariant [42]. Hence, impedance matching is the only condition to obtain the maximum power output. For the nonlinear PEH
investigated in Lan et al. [44], nonlinearity exists as a stiffness term, and the damping coefficient is still invariant. Therefore, the
impedance theory can be extended to analyse the power limit of that nonlinear PEH. Unfortunately, the SDOF PEH presented in this
study involves a nonlinearity in the form of a damping-like term in the governing equations. Thus, the internal resistance of the SDOF
PEH under the combined excitations is variant. To explain that the impedance matching theory is not applicable for the case with a
variant internal resistance, we provide a simple but straightforward mathematical proof below.

First, the maximum power transfer theorem is briefly reviewed. Considering a general voltage source shunted to a resistance load,
the power transferred from the source to the load resistor can be written as:

2
V. chrernal

P= sourece

(52)
(R[mema[ + Rexzernal )2

Assuming the internal resistance, i.e., Rinernal, iS @ constant, taking the derivative of P to Rexternal, then forcing it to be zero, one
obtains the solution of the optimal resistance for obtaining the maximum power. By following the above procedures, it is found as in
Eq. (53) that the maximum power that can be transferred from the source to the load when the internal resistance exactly matches the
load resistance.
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2
oP V;,,m-ece (R[nmmul - Rexxernal)

= =0 (53)
OR externat (Rinternat + Rexterna)?

The above statement is the maximum power transfer theorem. As discussed in Section 5, for the SDOF PEH under the combined
excitations, its internal resistance is both frequency and amplitude-dependent. Note that the dynamic response amplitude is actually
dependent on the load resistance, especially under the strong coupling condition. Therefore, the internal resistance is, in fact,
dependent on the external resistance. Taking the derivative of P to Rexernal, then forcing it to be zero yields:

2 ORpsernal
‘/S{)”,‘g('g( - 2Rextm‘nal 5Rmmm + Rimcrna[ - Rexrcmal)

ap external
= 5 =0 (54)
achmrnal (Rexrernal + Rimernal)

According to Eq. (54), it can be found that as m # 0, the maximum power transfer is not realized at Riyernal = Rexterna- Note that

in the above derivations, the reactance components are neglected just for simplicity. The above conclusion is still valid even the
reactance components are taken into account.

Prior to the concluding remarks, one may notice that all the above results are obtained based on the simplified model (i.e., Egs. (37)
and (38)) presented in Section 5. Whether these predictions are valid for the original model (i.e., Egs. (1) and (2)) remains a question
that has not been answered. To answer the question, we substitute the optimal parameters predicted based on the simplified model into
the original model (i.e., Egs. (1) and (2)) for simulation. The system parameters are the same as those listed in Table 1, a strong
coupling coefficient § = 1900 pN/V is used to enable the attainability of the power limit. Both the actual optimal parameters obtained
using resistance sweeping and the predicted optimal parameters determined using the impedance matching theory are listed in
Table 2.

The simulation results based on the original model are presented in Fig. 13. The base excitation frequency and the load resistance
are set according to the parameters given in Table 2. Using the optimal parameters obtained based on resistance sweeping, the results
in Fig. 13(a) and (b) correspond to the first and second power peaks, respectively, where the voltage amplitudes are 51.89 and 366.30
V, respectively. Using the optimal parameters obtained based on the impedance matching theory, Fig. 13(c) and (d) show the voltage
responses corresponding to the first and second power peaks, respectively, with amplitudes of 29.87 V and 480.40 V, respectively. As
compared to the results in Table 2, it can be found that the results from the numerical simulations based on the original model are in
good agreement with the results obtained based on the simplified model. Therefore, the power limit analysis presented in this section is
thus well verified.

7. Conclusions

This paper has presented a rigorous solution to the dynamic response of an SDOF PEH under the combined wind and base exci-
tations. The boundaries of quenching have also been derived for providing an in-depth understanding of the dynamics of the SDOF PEH
under the combined excitations. According to electrical-mechanical analogies, an equivalent circuit model has been developed with
consideration of the base excitation and the aerodynamic force induced by the wind load. The equivalent circuit simulation results
have verified the analytical solutions in terms of both the voltage frequency response and the boundaries of quenching. Moreover, the
power limit analysis of the SDOF PEH has been explored for the first time. The impedance matching theory has been first employed to
predict the power limit of the SDOF PEH under the combined excitations, and the expression of the power limit has been derived. In
addition, the maximum power amplitudes have been sought by sweeping the resistance. The comparison results, together with the
impedance plots, have indicated that impedance matching is not the condition of attaining the power limit of the SDOF PEH under the
combined excitations. A simple yet straightforward proof has been offered to explain the inapplicability of the impedance matching
theory in the present case. In brief, due to the damping-like aerodynamic force, the total effective damping in the mechanical domain
becomes a function of the load resistance. Therefore, the equivalent internal resistance becomes variant, and the classic maximum
power transfer theorem is no longer valid. The methodologies and conclusions presented in this paper can provide some guidelines for
analysing similar piezoelectric energy harvesting systems in the future.

Table 2
The optimal parameters obtained based on the simplified model.
Actual (resistance sweeping) Predicted (impedance matching)
First peak w/w; = 1.0024 w/w; = 1.0005
Vo =51.93V Vo = 29.89 V
Rop = 2.848 x 10% Q Ry = 1.274 x 10* Q
Piim = 94.78 mW Pjim = 70.1 mW
Second peak w/w; = 1.1515 w/w; = 1.1539
Vop = 366.53 V Vop = 480.29 V
Ry = 1.417 x 10% Q Rgp = 3.291 x 10* Q
Pijy = 94.80 mW Piim = 70.1 mW
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13. The time-history voltage responses of the SDOF PEH under the combined excitations: (a) w/w; = 1.0024, Ry, = 2.848 x 10* Q; (b) w/wy =

1.1515, Ryp = 1.417 x 10% ©; (&) w/@1 = 1.0005, R,y = 1.274 x 10% @; (d) w/w; = 1.1539, R,y = 3.291 x 10% Q.
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